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Determination of effective pair interactions from the structure factor
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In this work we present an efficient procedure to evaluate effective pair potentials, compatible with “experi-
mental” structure factors, using a Monte Carlo simulation scheme. The procedure does not require the use of
inverse Fourier transforms and is robust and rapidly convergent. As a test case the structure factor of liquid
Selenium obtained from a Tight-Binding Molecular Dynamics simulation is inverted to obtain an effective pair
potential and, as a by-product, the pair distribution function. The inversion procedure yields a pair structure in
perfect agreement with the original molecular dynamics calculations and the analysis of the triplet structure and
the dynamics also illustrates the limitations of the use of pair potentials in the description of liquids with
strongly directional bonding, such as the covalent liquid Selenium.
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[. INTRODUCTION This latter case, which is the most common situation, consti-
tutes a highly nontrivial numerical problem.

The determination of the Hamiltonian of a given system  The purpose of this paper is to show that a robust, simple,
from its microscopic structure—what is known as the inverseand computationally inexpensive algorithm can be con-
problem—remains one of the crucial challenges in the physstructed on the basis of a recently proposed method for the
ics of disordered condensed matter. In the last two decadefetermination of effective pair potentials from PDHES]. In
numerous approaches have been formulated, most of thegider to illustrate the capabilities of this new algorithm, it
based on the prior knowledge of the microscopic structure inwill be put to an stringent test, the inversion of the structure
terms of the pair distribution functiofPDF) g(r) [1-7]. The  factor of liquid Selenium computed from a Tight-Binding
most efficient procedures resort to some sort of simulatiomMolecular Dynamics(TBMD) simulation [14]. It will be
method[5-7] to obtain an effective pair potential compatible shown that the proposed method can reliably invert the struc-
with the PDF used as input. This quantity, however, is noture factor even with truncate-range, rendering a pair
directly accessible from the experiment. One must resort tgtructure in perfect accordance with that of the TBMD simu-
the evaluation of inverse Fourier transfornise., k—r) lation. The limitations of the use of pair potentials in systems
of the structure factor§(k) obtained from x-ray or neutron with strong directional bonding like this, will in turn be made
diffraction experiments. This inverse Fourier transformationapparent when calculating other properties, such as the vi-
is plagued with numerical inaccuracies, mainly stemmingbrational spectrum or the three-particle distribution function.
from the limited k-range for which the scattering data are In practice we will deal with the problem of the simulta-
available. The extension of Soper’s methjégito incorporate  neous determination of the PDF and the effective pair poten-
structure factors as inp{i8], although somewhat different in tial for a given system, whose structure facgk) is known.
its formulation, also requires the evaluation of an inverseFor the sake of simplicity, we will focus here on a mono-
Fourier transform. On the other hand, the original Reversatomic system. Generalizations to molecular systems are
Monte Carlo(RMC) technique[9], even if it is perfectly possible provided that the different partial structure factors
suitable to generate microscopic configurations compatiblare known. The structure factft5] of a monoatomiqand
with the inputS(k), is not a solution of the inverse problem. isotropi¢ system is given by
Moreover, it seems to be too prone to predict structures with . (k)
an excess of entropyl0]. This will not be the case in meth- _ 24 ) SIMKF
ods based on the use of effective potentials, in which the Sk =1 +47Tpfo dr r°h(r) kr @
energy is constrainef8].

Quite recently TotH11,12 has proposed an extension of Whereh(r)=g(r)-1, r stands for the distance andis the
the method of Lyubartsev and Laaksor{@h which uses as density. Let us assume that we know the experimental static
input dataS(k), involving only direct Fourier transform@&e., ~ structure factor of a certain system at given conditions of
r—k). In this procedure just the PDF of the simulateddensity and absolute temperatdreour aim will then be to
sample has to be Fourier transformed, and this can be relfletermine an effective pair potentiglr) that accounts for
ably done if the sample size is sufficiently large. Toth’sthe pair structure of the system under consideration. In other
method in its last versiofil2] seems powerful and efficient, words, if we perform a computer simulation of a condensed
but in each refinement step it requires the numerical solutiophase whose interactions can be describedviyy at the
of a set of nonlinear equations withunknownsn being the  same thermodynamic conditions, then the calculated struc-
number of parameters that determine the potential—if itdure factorS(Kk) must be equalwithin error bar$ to the
functional form is known—or the number of data points for experimental result. In what follows, how to achieve this
which the tabulated effective pair potential is to be evaluatedgoal will be explained in detail.
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Il. NUMERICAL PROCEDURE possible to build up the new effective potential, by means of

Let us suppose that we have a certain number of experf‘q' (2). Adter gach block of a givgn number of simullati.on
mental data for the structure facttogether with a corre- cycles, the fulfillment of the following convergence criterion

sponding estimation of their error bardk;,Ski),ASKk)] is checked

with i=1,2,... Ny, or in shorter notatiortk;,§,AS), for a 1 Ny sk)-S 2
system with density. We will represent the effective inter- => {'—] <, (6)
action potential as a 3D Fourier sum of the form Nii=1 AS
N sin(kir) where the value of the convergence parametes predeter-
BV(N) =2 u o (2 mined(with values typically<1, see Sec. Il for actual val-
i=1 i

uey, and S(k) represents the accumulated structure factor

where8=1/ksT as usual. Thus, our inversion problem con-through the whole stage. If E¢6) is fulfilled, the procedure
sists in determining the values of the coefficients (i initiates the subsequent stage, which starts with the current
=1,2, ... Ny such that2) leads to a simulate8;(k) con- values of the qoeﬁicientﬂi. On the new stages+1, the
sistent with the experimental values. In practice, the effectivd@rameten is given by
interactionBV(r) will be handled in terms of discrete values N = o= 5\ 7
calculated at;=iAr, which will then be interpolated for ar- stim s b
bitrary r, and will be truncated according to the simulation with 0< a<1.
box size. As starting point we have chosap=0, for all i. The

The inversion procedure makes use of the Metropolignitial choice corresponds to a system of noninteracting par-
Monte Carlo metho@16,17 and is divided in several stages. ticles. Other initial guesses are possible, and it is likely that
At each stage we will be performing changes in the coeffi-initial solutions closer to the actual effective potential will
cientsy; in order to achieve the matching between the inputspeed up the convergence of the method. As the simulation
structure factor and that obtained within the simulation. Suclevolves, an effective pair potential is expected to develop.
changes will be smaller as we advance in successive stagesuch a situation makes it convenient to introduce a mecha-
The length of the simulation run on each stage will depenchism to control the maximum displacement paraméter,,
on the fulfillment of convergence criteria applied to theof the single particle MC movegl6], in order to keep a
simulated structure factor when compared to the irflj. reasonable acceptance ratio of trial configurations. This idea
After a cycle(N translation attempts, beirld the number of can be put into practice by computing on each block of the
particleg of simulation we compute an instantaneous strucprocedure the fraction of accepted movg€s After each
ture factorS,¢(k) by performing the Fourier transformation block we can slightly modify the value afx,, in order to
of the instantaneous PDEj,.(r). These data are accumu- push the system toward a certain predetermined target accep-
lated into the corresponding functions of the stage. Thdance ratio(e.g., 1/3, for instance using
Snski) are determined as In &= In &9 + 7(X,-1/2); =0,  (8)

r

sin(k;r)

Snstk) =1+ 47ij dr r¥ginsdr) = 1] ,  (3)  where the value of the multiplier depends on the simulation
0 kir stage.

wherer, depends on the system size. If the sample size is !t 1S known that the change of the paramedi,, during
reasonably large one can rely on the use of a direct Fouridf€ averaging configurations of a simulation can break the
transformation like the one of Eq3). For particularly in-  detailed balance fulfillmenfl7]. In the present case such a
volved systems(some liquid metals exhibiting a marked Circumstance does not seem an important prolgrteast in
long-range structure in the PRt is possible resort to an the first stages of the proceduiigecause the change of the
extension method of the type devised by Vergg], al- 'unning effective pair potential also implies the violation of _
though with present-day computers one can simply increasgetailed balance. Nevertheless, we expect to approach equi-
the sample size. For the case studied here, we found no Siabriumlike conditions in successive stages, therefore, it
nificant differences between the extension procedure and ti€eMs sensible either to reduce the value when starting
direct Fourier transformation. Now, the new values of theN€W stages or, eventually, eliminate B updating de-

coefficientsu; are given[13] by vice after a number of initial stages. We have chosen the first
' ) possibility by using
Snstki) =S
etz U N 5 A9, @ 5= o . 9
where Using this scheme and provided that the simulation results

N converge at the different stagéshich we expect to happen
1 & if the effective pair potential exists, s¢&3]), the detailed
<AS>ZW _EAS!, (5) balance will become practically accomplished in the last
k= stages of the procedure, since the changes in botoeffi-
and )\ is a parameter that depends on the stagef the cients anddxn,,y along each stage will become vanishingly
calculation. With the new values of the coefficiemsit is ~ small.
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FIG. 1. Structure factor of liquid selenium evaluated from Fou-  FIG. 2. PDF for liquid Se. The solid curve represents the TBMD
rier transformation of the results af(r) obtained in the TBMD  results, the dotted line corresponds to models As€e Sec. IIl and
simulation. Fig. 3 for details of the modelswhich are indistinguishable at the

scale of the figure.

I1l. APPLICATION
. ) ., the interaction potential is very high in this range and no
The “experimental” structure factor has been calculateqmportant contributions to the structure of the fluid are ex-
by means of a TBMD simulation carried out on the micro-pected. On the other hand, it is remarkable the excellent
canonical ensemble, with 416 particlespat0.0295 A3, and agreement between the different results fer 2.1 A. In
a time step of 1 fs. For the present model this state correyrinciple, the agreement between Cases A and B, could be
sponds to a high-density liquid at a pressure of 5.1+ 1.4 kbalgypected since in both cases the “experimental” functions are
well away from the triple point. The system was equilibratedyye|| represented taking into account their respective cutoffs.
for 10 ps after melting the initial configuration, and the Pro-However, for Cases C and D, the valueskgf,, correspond
duction run included 20 ps more. The average temperaturg, 4 region of wave numbers where considerable structure is

was 570 K. From this calculation we evaluated the pair disgj|| present(see Fig. 1. Nonetheless this lack of information
tribution function up to a distance 12.1 A. At this distance g the tails of k) seems to have little influence on the
g(r)=1 within experimental error, and one may expect the,g|evant range of the effective potential.

corresponding structure factor to be accurate enough. This The small differences between the results of the two types
latter quantity is tabulated irk-space with a gridAk  of inversion(see Fig. 3 for large distances are probably due
=0.12272 A™. Block averages were used to estimate the eryg the houndary conditions. In the inversiongf) we set a
rors in bothg(r) and S(k). This function is plotted in Fig. 1 ,1off distance ofr.=12.1 A (according to the size of the
and the corresponding pair distribution is represented in Figgjmylation box of the TBMD rup whereas its value in the

2. We note in passing that the high and narrow first peak oOfnyersions usings(k) wasr.~12.82 A. Note that in all cases
g(r) simply results from the presence of covalent bonds e resuling PDRsee Fig. 2is practically indistinguishable

the sample. . from the TBMD g(r).
Using the TBMD results of the PDF we have applied the

inversion method proposed in R¢L3] (Case A (with con-
vergence parameten=0.10. Then we have inverted the
structure factor following the scheme proposed in this work, In order to analyze the ability of a pair interaction model
using a number of stage$,=30, A;=10.0,«=0.75, andp  to give a correct account of various properties of the TB
=0.10. In order to analyze the effect of truncatiigk) we  model for liquid Se, we have run Molecular Dynamics simu-
have run the procedure using three different valuetNof lations using the effective potentials extracted from Cases A
Case B:N,=326, Kn=40.0 A1, Case C:N,=122, k,ox and B, and compared the results with those of the TBMD
=15.0 A, and Case DN,=81,ky.=10.0 A1. In all cases calculation. The extracted effective potentials are smoothed
the number of particles was=500. with a least-squares piecewise cubic spline.

In Fig. 3 we show the results of the effective potentials As expected, the radial distribution functions coming
evaluated using the four alternatives indicated above. Th&om the pair interaction model wergvithin statistical er-
first conclusion that can be extracted from Fig. 3 is that theors) equal to that evaluated in the TBMD calculation. Now,
main differences between the results are located at short dif- one goes beyond the pair structure, things start to look
tances. Such differences do not appear to be relevant, sincéfferent. In Fig. 4 we have plotted the three particle distri-

IV. QUALITY OF THE EFFECTIVE POTENTIALS
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bution functiong®(r,s, §), calculated for an isosceles con- fact that the diffusion constant in the pair potential model is
figuration withr =s=2.48 A. This distance corresponds to the much higher(4.8x 10° m?/s) than that of the TB model
first peak ing(r). We observe that, whereas the TBMD triplet (1.2x 10°° m?/s). What is clear from these results is that the
distribution exhibits a single maximum at 100°, which is theatoms are less tightly bound in the pair potential model, by
proper bond angle for the experimental liquid Se, the paiwhich the diffusion constant is much higher and the bond
potential presents an additional very marked maximum astretching band less energetic. A coordination analysis indi-
60°. This results from the fact that a pair potential cannoftcates that whereas the TB model leads to an overall domina-
prevent the formation of triplets of Se atoms in equilateraltion of doubly and singly coordinated atoms, isolated atoms
triangular configurations. These Sgusters are absent from and threefold coordination are also important in the pair po-
the TBMD and the experimental results. If we now look attential models. Finally, it is worth pointing out that Cases A
the vibrational density of states depicted in Fig. 5, we ob-and B(i.e., those obtained from thgr) and theS(k) inver-
serve that the overall shape of the curve is reasonably repraion, respectivelylead to identical vibrational dynamics as
duced by the pair potential model, but the position of thecan be seen in the coincider(E) curves in Fig. 5. This is
stretching band at 30 meV is underestimated, the bond benéhot surprising since the bond dynamics is essentially deter-
ing band between 8—15 meV is less broad and findlly is  mined by the short- and medium-range structure of the po-
much overestimated. This latter feature simply reflects theential and in Fig. 3 can readily be seen that Cases A and B

are hardly distinguishable in the region 2 A—-6 A.
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FIG. 4. Three-particle distribution functiog®(r,s, 6) calcu-

lated forr=s=2.48 A, nearest-neighbor distance in liquid Se. FIG. 5. Vibrational density of states for liquid Se.
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V. CONCLUSIONS extract effective pair and triplet potentials, if information on

In summary, we have presented an efficient and simpléh_e three-body pair distribution is incorporated as input. This
procedure to extract pair potentials from structure factorsWill pave the way to the development of a systematic proce-
which incidentally determines the pair distribution function duré to reduce complex interactions, like those present in
without resorting to inverse Fourier transforms. The procePiomolecules, which cannot be represented by mere effective
dure can easily incorporate additional input information,P&ir potentials.
such as thermodynami¢see Ref[13]), in order to improve
the quality o_f the p(_)tential. On the_ OFhe_r han_d, t_he_test case ACKNOWLEDGMENTS
chosen, liquid Se, illustrates the limitations intrinsic to the
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